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0 Simple Model-based Pl and PID controller designs
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Model based controller design

@ Desired closed-loop performance specification;

@ Model (first order for Pl and second order for PID);

@ Parameters of the controller;

@ Simulation and validation of the closed-loop control system.
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Specification of Desired Closed-loop Performance

@ In the PI controller case, a second order transfer function is used in the
specification,

wa

TS)=———"r——"— 1
s) S2 + 26WnS + W7 @)

where w, and ¢ are the natural frequency and damping coefficient for the second

order transfer function. These are the free parameters to be selected by the

designer as desired performance specification.

@ This is the desired closed-loop response from set-point signal to output signal.
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Desired closed-loop poles

The parameter ¢ is often chosen as 1 or 0.707. When & = 1, the poles of the desired
closed-loop transfer function (1) are the solutions of the polynomial equation,

S+ 2Was+ W2 =0 2

which are s; = s, = —w,. Namely, we have two identical poles when ¢ = 1. With the
second choice of £ = 0.707, the poles are a pair of complex-conjugate numbers
determined by

—2&Wn + /4E2wW2 — w2
2

which are on the trajectories of the two straight-lines on the complex plane, shown in
Figure 1.

S12 = = —0.707w, +j0.707w, ?3)
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Simple Model-based PI and PID controller designs

Desired closed-loop poles-cont’
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Figure 1: Trajectories of the poles for £ = 0.707 (solid-line) and trajectories of
the poles for £ = 1 (darker-solid-line)
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Choice of w,-from time domain

From the simulation of a step response (1) (see Figure 2), the total response time Tioal
with respect to the parameter wy, is estimated as

7
Trotal = W_n 4)
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Figure 2: Step response of the desired closed-loop transfer function. Key:

ine vo =1 line v, = 10.
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Choice of w, from bandlimit

Here the parameter wy is related to the bandlimit of the desired closed-loop control
system. The bandlimit is defined according to the cut-off frequency wc, where the
parameter wc is chosen such that [T (jw)| = Lg
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(a) £ =0.707 b)y¢=1

Figure 3: Magnitude of the frequency response of transfer function (1). Key:
line (1) wy = 1; line (2) w,, = 10; line (3) indicator (% ) for the bandlimit.
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Choice of w,: summary

With the parameter ¢ chosen (either 1 or 0.707), the natural frequency w, becomes a
closed-loop performance parameter that the user specifies according to the desired
closed-loop response requirement. In general, when wj, is larger, the closed-loop
response speed is faster and the system is more sensitive to measurement noise.
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Model and Controller Structures

@ First order model for Pl

K
C() = 551 ©)
which can also be expressed in the pole-zero form,
b
G(s) = 3 a (6)
wherea=1/7andb =K /7.
° 1
C(s) = Ke(1+ —) ™
C(s) = Cls: Co ®)

where Kc =c; and i = 2—;
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The solution of PI controller parameters

@ The key to the solution of the PI controller parameters is to equate the desired
closed-loop poles to the actual closed-loop poles.

@ This controller design technique is called pole-assignment controller design.

@ Itis a general controller design technique that can be applied to any model
structure.
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Simple Model-based PI and PID controller designs

Closed-loop characteristic equation

We calculate the actual closed-loop system using the design model (6) and the
controller model (8):

T G(S)C(s) _ _zas
‘ 1+G(s)C(s) 1+ 2, 9%%
_ b(Cls + Co) 9)

s(s +a) + b(cis + o)

The closed-loop poles of the actual system are the solutions of the polynomial
equation with respect to s

s(s+a)+b(cis+co) =0 (10)

Equation (10) is called closed-loop characteristic equation.
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The key to the solution of the parameters

Since the model parameters a and b are given, the free parameters in (10) are the
controller parameters ¢; and ¢q. To find the controller parameters c; and co, the
following polynomial equation is set,

S(s+a) +b(cis + Co) = S° + 26Wns + Wy (11)

where the left-hand side of the equation (11) is the polynomial that determines the
actual closed-loop poles and the right-hand side is the polynomial that determines the
desired closed-loop poles.

Liuping Wang (RMIT) Part II: Model Based PID Control System Des 14/70



Solution |

@ By equating these two polynomials, the actual closed-loop poles are assigned to
the desired closed-loop poles.

@ Now, we compare the coefficients of the polynomial equation (11) on both sides:

left — hand right — hand (12)
s 1=1 (13)
s a+bcy = 2w, (14)
s . bco=w? (15)
= 2EWn—2a (16)
b
_ W
Co = b (17)
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Solution Il

With the relationships between ¢y, co and K¢, 7 (see Equation (8)), we find the PI
controller parameters as

Ke=c, = % (18)
C]_ 2€Wn —a
= — = —_— 1
Ti o Wg ( 9)
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Example

A first order system is used to describe the dynamic relationship between voltage
change and velocity of a DC motor. Assume that a particular motor has the Laplace

transfer function
0.1

10s+1
Find the PI controller parameters for velocity control, where the desired closed-loop
performance is specified by two performance levels: one fast response w, = 5 and
one slow response w, = 0.5, £ = 0.707 in both cases. Simulate the closed-loop step
responses with proportional control on the output only and compare the results.

G(s) (20)
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Solution |

The model parameters needed for the Pl controller design are a = 1—10 =0.1and
b= % = 0.01. With these parameters and the closed-loop performance
specification, based on equations (18-19) we find the controller parameters as, for
wn, =5and ¢ = 0.707

Kc = 697; 71 = 0.2788,

for w, = 0.5 and £ = 0.707
Kc =60.7; 71 = 2.43.

As we can see, when wj is larger, the proportional gain K. is larger whilst the integral
time constant 7; is smaller.
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Solution Il

We simulate the closed-loop unit step responses with the results shown in Figure 4.
The closed-loop response speed is much faster when w, = 5 in comparing with the
case of w, = 0.5, also the control signal has a much larger amplitude.

250 2
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(a) Control signal (b) Output response

Figure 4: Closed-loop response. Key: line (1) w, = 0.5; line (2) wy = 5.
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Model Based Design for PID Controllers

Models for PID controllers

—ds
Model B : G(s) = K"Se—H (22)
Tp
bis+b
Model C: G(s) = m (23)

We will exclusively use the techniques of pole-assignment controller design to find the
PID controller parameters.
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Configurations of PID controllers

@ The general form of PID controller is defined by the transfer function

2
C2S“ 4+ C1S + Co
Ce)=—F—1— 24
where |o is a parameter that needs to be utilized as part of the derivative filter.

@ However, the industrial control systems are often defined in terms of the PID
controller parameters, K¢, 71, 7o and a filter time constant ;.

@ This 7y previously was linked to the derivative gain m as 7t = 37p.
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Equivalent structure |

We need to find PID controller parameters that lead to a completely identical
configuration between the controller C(s) defined by (24) and an industrial PID
controller. With this in mind, we will choose the PID controller parameters such that

1 ™S
C(s)=Kc(1+ —
(s) el +7’|S+Tfs+l

) (25)

is identical to the PID controller in (24).
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Simple Model-based PI and PID controller designs

Equivalent structure Il

The problem is solved using reverse engineering by expressing (25) as

C(s) =

Ke(ns(ms + 1) + (s + 1) + n7ps?)

which should exactly equal to (24).
C2
C1

Co

ns(m1s + 1)

(26)

By comparing these two expressions, we obtain,

Ke(mimo + 7i71)
Tt
KC(TI + 7'f)
TITf
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Simple Model-based PI and PID controller designs

Equivalent structure IlI

We solve PID controller parameters using these four linear equations and their values

are,

Tt =

T =
Kc ==

D =

717t Co
Comit — K7
KCTI
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Pole-zero Cancelation Technique

Overview

@ Pole-zero cancelation technique is frequently used to obtain the simple analytical
solutions for PID controller parameters;

@ We should not cancel unstable poles or zeros.

@ The plant poles cancelled will re-appear as the closed-loop poles from input
disturbance to output response. Therefore, we do not cancel the poles
corresponding to slow dynamic response.

Basic idea
The numerator of the controller C(s) is factored:

_ Cs?+CiS+Co _ Ca(S +m)(S +72)

s N s(s + o) (%)

C(s)

By choosing the zero of the controller —v, equal to the pole of the model —a; (i.e.

Y2 = az), we cancelled the pole in the model with the zero in the controller.

We will use first order plus delay system to illustrate the pole-zero cancelation design
idea.
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PID Design for First Order Plus Delay Model (1)

With the polynomial approximation (called first order Pade approximation), the transfer
function model becomes

Kpe ™™  Kp(—ds +2)

) = s T 1~ st D@5 1+ 2) (36)
_ b1s + bg
€)= EranG+an 7
2Kp

where b; = —'i—s, bo = =E. If £ < 2, then we choose oy = Tip and a; = 2. Inthe
case of a plant with a domlnant time delay when = > &, we letay = § and az = .
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PID Design for First Order Plus Delay Model (2)

Because the zero is unstable located at s = % this zero should not be cancelled in the
controller design. However, we will cancel the pole —a;, which has a faster dynamics
response. The PID controller structure has the transfer function form,

8?4+ ¢S+ Co
C(S) - S(S + |0) (38)

which is an ideal PID controller with a filter. The filter pole —Ip will be used in the
design. We also assume that the PID with filter has the zeros located at —y; and —azg,
where a;, corresponds to one of the poles in the model. The open- loop transfer
function is the quantity,

b1s + bo C2(S + m1)(s + az)
(S+Oél)(5+042) S(S+|0)
_ Co(b1s +bo)(s + )
- s(s + az)(s + o) 39

L(s) =G(s)C(s) =
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PID Design for First Order Plus Delay Model (3)

The closed-loop transfer function is

L(S) Cz(bls + bO)(S + ’Yl) (40)

T() = T370(5) ~ 55+ an)(s o) + ca(bss + bo)S +7)

Note that the denominator of (40) is a third order polynomial and it has three unknown
controller parameters, lo, c; and v;. Thus, the desired closed-loop polynomial A (s)
must be a third order polynomial with its order to match the denominator of (40). To
this end, we select

Aca(s) = (S° + 26wns +W2)(s + A1) (41)

where \; > 0 is a positive parameter.
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PID Design for First Order Plus Delay Model (4)

@ Same as before, we select the damping coefficient ¢ = 0.707 and the natural
frequency w,, to reflect the design requirements such as closed-loop response
time and bandwidth. The extra pole located at —; is often chosen to be away
from the pair of dominate poles —{wn =+ jEwn.

@ The Diophantine equation is expressed as
S(s + a1)(s + lo) + c2(b1s + bo)(s + 71) = (s? + 26wns + W2)(s + A1) (42)

where the left-hand side of this equation is the closed-loop polynomial and the
right-hand side is the desired closed-loop polynomial.
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PID Design for First Order Plus Delay Model (5)

s® (e +lo + 2b1)s® + (aslo + c2(bo + biy1))s + c2boys

S° H(26Wn + A1)S® + (WE + 2M\16Wn)S + Awi

By comparing the coefficients of the both sides of the polynomials, three linear
equations are obtained,

2

S ©oaq + o+ Cobr = 28w + A
S aulo 4 C2bo + Cobiy = w2 + 2X16Wn
SO : Czbo’yl = >\1an
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PID Design for First Order Plus Delay Model (6)

We solve for ¢, based on (46):

A w72
Coy1 = ]k-J n (47)
0
Then, the value of c,7; is substituted into (45), which becomes,
b w2
alo + cobg = Wi + 2X16Wn — L bl ° (48)
0

Note that both (44) and (48) contain the same pair of unknown variables (a4, cz), SO
we will solve these two together using these two equations. From (44), we find the
value of |y,

lo = —Cob1 4+ 28wn + A1 — o (49)
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PID Design for First Order Plus Delay Model (7)

Substituting this Iy into (48) and collecting the terms, we find ¢, as

2
—26Wnay — Mag + af + WE + 2\ éwn — blz—zwn

Co =
bo — Oélbl

(50)

where we assume that by — a;b; # 0. The value of |y is found using (49) with c, given
by (50). From c,, we also find ~; as

o )\1Wr?
boCz

" (51)
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PID Design for First Order Plus Delay Model (8)

With the parameters c,, 71 and lp calculated, the PID controller with filter is
re-constructed as,
C(S) _ C2(S + ’yl)(S + Ozz)
s(s + o)
where o, corresponds to the location of the pole in the model that we chose to cancel.
Equivalently, (52) is expressed in the more general form,

(52)

C( )_ C232+C13+C0
~ s(s+l)

where c; is calculated using (50), ¢; = C2(y1 + a2) and ¢o = Coaa71.

(53)
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Example

Given a first order plus delay system with the transfer function

10e %

G(s) = T0s+1 (54)

find the PID controller parameters using pole assignment design technique. The
desired closed-loop performance is specified by £ = 0.707, A; = 1. To understand
that the approximation of time delay using the transfer function model causes error
between the actual plant and the model used for the design, find the PID controller
parameters for w, = 0.4 and then reducing it to w, = 0.2, and simulate the
closed-loop performance with a unit step set-point signal and disturbance rejection of
step signal with amplitude 0.2.
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Solution |

The first order plus delay model is approximated using Pade approximation, leading to

—s+0.4
G(s) =~ m (55)

In the design, we cancel the pole from the time delay, and assign the values of «; and
az as a; = 0.1 and a, = 0.4. Also from (55), we find by = —1 and by = 0.4.
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Solution Il

In the calculation, we first use w, = 0.4. We calculate the value of ¢, as

—26Wnay — Ao + 02 + W + 201€w, — B
o — e o — 19581 (56)
|o as
|o = —C2b1 + 2£Wn + )\1 — Q1 = 3.4237 (57)

€1 = Ca2(m1 + a2) = 1.1832 and ¢o = Ccoa2y1 = 0.16. From these parameters, we
calculate the PID controller parameters using (31) -(34):

Ke=0.332, n =71, o =1.43; v = 0.292.
We obtain the PID controller parameters for w, = 0.2, as

Ke = .1793; 77 = 8.0323; m = 1.3375; v+ = 0.5581.
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Response

Figure 5a shows the closed-loop response. It is seen that both control signal and the
plant output signal are oscillatory, which is due to the modelling error introduced by
the approximation of the time delay. Figure 5b shows the closed-loop response with
this reduced wy,. It is seen indeed that the closed-loop oscillation is eliminated.

2 2
:g; 1/\/\/\/—/\/\/\/ :g; 1_/ /\
380 380
o 50 100 1 50 100
Time (sec) Time (sec)
_ 05 _ 05
o o
o o
03 50 100 03 50 100
Time (sec) Time (sec)
(a) PID control with £ = 0.707, Ay = 1 (b) PID control with £ = 0.707, A\ = 1
andw, = 0.4 andw, = 0.2

Figure 5: Closed-loop response of PID control system
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Outline

e Generalized Model-based PID controller designs
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Reasons for not using pole-zero cancellation
technique

@ When the plant is underdamped, the pole-zero cancellation technique we used
before will be avoided for the reason that the plant pole that was cancelled in the
design will re-appear in the closed-loop system.

@ We should not cancel an unstable pole.
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General design technique-I

We assume that the PID controller has the form,

8?4 ¢S+ Co

C(s) = 58

(s) s(s + o) (58)
and the second order model has the form,

_ bis+ Db
66 =3 +a1s + ao (59)
Without pole-zero cancellation, the open-loop transfer function is

2

L(s) = C(s)G(s) = C2S° +CiS+Co  bis+ b (60)

s(s+1l) s?+as+ag
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General design technique-l|

The closed-loop transfer function is

L(S) _ (C232 + C1S + Co)(bls + bo) (61)

T =
(s) 1+L(s) s(s+lo)(s?+ais +ag) + (C25? + €15 + Co)(b1S + bo)

Note that the denominator of the closed-loop transfer function is a fourth order
polynomial and there are four unknown controller parameters to be determined in the
design. Thus, the desired closed-loop polynomial A (s) must be a fourth order
polynomial with all zeros on the left half of the complex plane.
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The desired closed-loop polynomial

We can assume that Aq (s) has the form (£, wn, A1 > 0)
Aci(S) = (8% + 26Wns + W3)(s + M1)? (62)

where the dominant poles are —&wn £ jEWs (€ < 1), and Ay > w,. For simplicity, the
desired closed-loop polynomial A (s) is denoted as s* + t38% + t,8% + t1s + to.
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The Diophantine equation

To assign the closed-loop poles to the desired locations, we solve the Diophantine
equation,

S(S + |o)(82 + ai;s + ao) + (C232 + C1S + Co)(bls + bo) = S4 + t3$3 + tzSz + 1S+ 1o
By multiplication and collecting terms, we find the exact quantity on the left hand side
of equation:

st 4+ (bic2 +as + lo)s® 4 (bici + boca + ag + ailo)s® + (b1co + boca + loao)s

+  boCo = s* +ta8° + t28% + t15 + 1o (63)
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Solution of the Diophantine equation |

By comparing both sides of (63), a set of linear equations is formed,

s 1 bictartlo=t (64)
2 bic1 + boC2 + a9 + ailo =tz (65)
s b1Co 4 boC1 + loao =11 (66)

s boCo=to (67)
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Solution of the Diophantine equation Il

This set of linear equations is expressed in matrix and vector form for convenience of
solution,

Sy
1 bl 0 0 |0 3 —ax
ai bo b1 0 Co _ to —ag
aop 0 bo b1 Cy - t1 (68)
0 0 0 bo Co to

where we assume that the square matrix Sy (called Sylvester matrix) is invertible.
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Example

An inverted pendulum on a cart has external force as input f(t) and its output is the
angular position 0(t). The Laplace transfer function to describe the dynamics of a
laboratory pendulum test bed has the form,

-0.1
(s—1)(s+1)

Design a PID controller for this test bed, where the closed-loop performance is
specified by £ = 0.707, and w, = \; = 10. Simulate closed-loop step response using
PID controller with the configuration of derivative term on output while the proportional
and integral terms on the error signal, and with the configuration of both derivative
term and proportional term on the output while only the integral term on the error
signal.

G(s) = (69)
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Solution |

For this example, b; =0, bp = —0.1, a; = 0 and ap = —1. From (68), the linear
equation formulated based on the pole-assignment design technique is

1 0 0 0 lo 34

0 -01 0 0 C2 | 482

1 0 -0.1 0 ci | | 3414 (70)
0 0 0 -0.1 Co 10000
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Solution Il

Solution of this set of linear equations gives the controller designed using the
pole-assignment technique: lo = 34.14, ¢, = —4818, ¢c; = —33799, ¢, = —100000.
We convert these parameters into PID controller parameters as

S ll — 0.0293 (71)
0
no= & —0.3087 (72)
Co
Ke = 77iCo= —904.2028 (73)
w = Coriri — Keri7y 0.1268 (74)
Kem
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Solution Il

The closed-loop step response is simulated for both structures. Figure 6 shows both
control signal and output signal for a unit step change at time t = 0. In comparison,
the alternative structure by implementing the proportional term on the output only
significantly reduced the overshoot exhibited in the original structure.
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Generalized Model-based PID controller designs

Solution IV
‘ ‘ 2
400 1 1
200 —2 —2
_ 0 1
o -
5 -200 2
0 o]
0 -400 0
0
-600
-800
. . _1 . .
0 1 2 3 0 1 2 3
Time (sec) Time (sec)

Figure 6: Closed-loop response. Key: line (1) The alternative PID controller
structure; line (2) The original PID controller structure
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Generalized Model-based PID controller designs
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Outline

e Resonant Controller Design
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Resonant Controller Design (i)

@ In the applications of control systems to power electronics, aerospace and
mechanical engineering, it is often required for the output of the closed-loop
control system to track sinusoidal reference signal or to reject a sinusoidal
disturbance. In these applications, if the sinusoidal reference signal is
r(t) = Amcos(wot + 6) then the feedback controller will embed the mode

into the controller structure.

@ Similarly, for disturbance rejection, if the disturbance signal is
d(t) = Dmcos(wot + 0), where the frequency wy is known but the amplitude of
the disturbance D, and the phase of the sinusoidal signal are unknown, then the

feedback controller will also embed the mode Szj 5.
“o

1
52+wg
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Resonant Controller Design (ii)

@ With the embedded mode, the closed-loop feedback control system is designed
to be stable, and at the steady-state, the output of the control system will
completely track the sinusoidal signal and/or reject a sinusoidal disturbance
signal without any steady-state errors. In the literature, this type of controller is
also called resonant controller.
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Design (i)

@ Consider a first order transfer function that is used to describe the dynamics of
an AC motor with the form,
b B(s)

G(S)=S+a—m (75)

@ where the input is the torque current and output is velocity. The task is to design
a controller C(s) to reject a sinusoidal disturbance with frequency wo(rad/sec).

@ Pole-assignment controller design will be used here.

Liuping Wang (RMIT) Part II: Model Based PID Control System Des 54/70



Design(ii)

For the first order system, the controller structure is chosen as

_CsP+ s+ P(s)
CO = T (76)

Here, the denominator of the controller is second order (s?), the numerator is also
chosen to be second order to allow proportional control action to be embedded. This
choice leads to three unknown coefficients c,, ¢, and ¢, to be determined.
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Design(iii)

The actual closed-loop polynomial is

L(s)A(S) + P(s)B(s) = (s> + w§)(s + a) + b(cz2s® + €15 + Co) (77)
This is a third order polynomial. Therefore, the desired closed- loop polynomial should

be third order and the number of desired closed-loop poles should be 3 accordingly.

For instance, we can assume that the desired closed-loop polynomial A¢(s) has the
form

(£7 Wh, >\1 > 0)

Au(s) = (8% + 26Wns +W2)(s + A1) (78)
where the dominant poles are —{wn £ jéwn (£ < 1), and A1 > wy. For simplicity, the
desired closed-loop polynomial A (s) is denoted as s® + t,8% + t1S + to.
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Design (iv)

With the pole-assignment controller design technique, we let the actual closed-loop
polynomial equal to the desired closed-loop polynomial, which leads to

L(s)A(s) + P(s)B(s) = Ad(s) (79)
Equation (79) is called the Diophantine equation. By substituting the expressions of

L(s), A(s), P(s), B(s) and A (s) into equation (79), the Diophantine equation is
written as:

s + (a+bcy)s® + (wi + bey)s + (aw?d + beo) = 8% + .57 + 1S + 1o (80)
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Design (v)

@ In order for the left-hand side of the equation to be equal to the right-hand side of
the equation, we have the following linear equations:

s> : a+bc=t (81)
s : witbci=ty (82)
s . awi+beo=to (83)

@ Solving these linear equations gives the coefficients of the controller as

o t,L—a
C = b (84)
_ t1 — wcz,
Ci = b (85)
2
Co = t"‘% (86)
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Steady-state Error Analysis (i)

@ To show that the output of the closed-loop control system will follow a sinusoidal
signal with frequency wq, we calculate the closed-loop feedback error signal
E(s) = R(s) — Y(s) in relation to the sinusoidal reference signal R(s).

@ Here, the control signal is

2
C2S” +C1S+ Co
U(s) = ——5——>—El(s) (87)
s? + w3

and the output signal is

2
Y(s) = b (s) b cs“°4+cis+¢o

= E
s+a s+a s?+4w? ®) (68)
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Steady-state Error Analysis (ii)

@ Noting that Y (s) = R(s) — E(s), by substituting this into (88), we obtain

b C232+C13+C0
s+a s?+wi

1+ JE(s) = R(s) (89)

@ The relationship between the reference signal R(s) and the output signal Y (s) is
(s +a)(s® +wd)
5 R(s)
(s + wj)(s +a) + b(czs? + 15 + Co)

B (s +a)(s? + w?d)
T (S? 4 2¢Wns + W,%)(; + A1) R(s) (%0)

E(s) =

where we have used the Diophantine equation (79).
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Steady-state Error Analysis (iii)

@ When the set-point signal r(t) = Rmsin(wot + 6), its Laplace transform is
R(s) = 52

Sz+wg'

@ From (90), we have the Laplace transform of the feedback error signal,

E(s) = (s +a)(s® + wj) Rmwo
(S% 4 2¢6Wns + W2)(s + A1) s2 +
(S + a)meo

(S2 + 26WnS + WZ2)(S + A1)

where we have cancelled the factor s? + w3.
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Steady-state Error Analysis (iv)

@ Since the denominator of (91) contains all zeros on the left half of the complex
plane, by applying final value theorem, we obtain
(S + a)meo

lim e(t) = lim =0 92
s ®) sLoS(s2 + 26Wns + W2)(s + A1) %2)

@ Because e(t) = r(t) — y(t) and lim;_ e(t) = 0, we conclude that the output
y(t) will converge to the set-point signal r(t).
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Analysis for Disturbance Rejection (i)

@ To show that the closed-loop control system will completely reject a sinusoidal
disturbance, we will find the relationship between the input disturbance and the

output.
@ Here, the transfer function between the input disturbance Di(s) and the output
Y(s)is
Y(s) G(s)
Dn(s)  1+G(s)C(s)
_ (s® +wd)b
(s2 + w2)(s + a) + b(c252 + €15 + Co)
_ b(s? + w?)

(S2 + 26wWns +W2)(s + A1) (93)
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Analysis for Disturbance Rejection (ii)

@ Assume that the disturbance signal is a sinusoidal signal di,(t) = dmsin(wot + 6)
with unknown amplitude dn, and unknown phase 6, and it has the Laplace

transform Dj,(s) = sdz":d"z.
0

@ Thus, the output in response to the input disturbance Diy(s) is

b(s? + w?

(2 + 26wWns + w?

b(s? + w?

(s2 + 2&wns + w2
bdmwo

T (ST + 26Wns + W2)(s + A1) (94)

Y(s)

saone)

dmwo
(s+A1)s2+uw?

~ | ——

@ The zeros of denominator are all on the left-half of the complex plane as the
parameters \; > 0, £ = 0.707 or 1 and w, > 0.
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Analysis for Disturbance Rejection (i)

@ Thus, by applying final value theorem, we obtain

tIim y(t) = Iirrg)sY(s)
— lim Sbdmwo -0 (95)

50 (S2 + 26WnS + WZ)(S + A1)

@ Therefore, the output y (t) in response to the input disturbance diy(t) is zero at
the steady-state. This means that the input disturbance di,(t) will be completely
rejected by the closed- loop feedback control system.
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Resonant Controller Design

Example

For an AC motor with parameters a = 0.01 and b = 0.05, if the disturbance is at
frequency wo = 0.1, and all three desired closed-loop poles are selected as —0.1,
design the feedback controller for this AC motor so that the closed-loop control signal

will reject the sinusoidal disturbance signal.
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Solution (i)

The desired closed-loop polynomial is
Ac(s) = (s +0.1)* = s* + 0.3s* + 0.03s + 0.001 (96)

Here, t, = 0.3, t; = 0.03 and to = 0.001. From the equations given in (86), the we find
the controller parameters as

tb—a 03-001

CC = =5 =58 (97)
4 —wj 003-001

6 = e (98)

o - b- awy  0.001—(0.01)> 0.018 (99)

o - b 0.05 -
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Solution (ii): Simulation Results

@ First, we simulate the closed-loop disturbance rejection by operating the system
at the steady-state value 0.3 and at time t = 0O, inject a disturbance signal
din(t) = 2sin(0.1t). Figure 7a shows the output response to the disturbance
signal. It is seen that the disturbance is completely rejected and the output
returns to the reference signal.

@ The same control system will also follow a sinusoidal set-point signal, as shown
in Figure 7b, which shows that the output tracks a sinusoidal signal
r(t) = sin(0.1t). Thus, the control system we designed for sinusoidal
disturbance rejection will automatically follow a sinusoidal signal with the same
frequency.
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Resonant Controller Design

Responses
1 2
g 0
% 50 100 2 50 100
Time (sec) Time (sec)
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(a) Disturbance rejection

Figure 7: Closed-loop response of resonant control
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Key Points

@ For reference following or/and disturbance rejection of a sinusoidal signal with
frequency wo, this frequency information should be included in the the
denominator of the controller structure as (s> + w?).

@ We will select the rest of the controller structure for the unique solution of the
Diophantine equation

A(s)L(s) + B(s)P(s) = Ad(s)

@ Ay (s) is the desired closed-loop polynomial.

Liuping Wang (RMIT) Part II: Model Based PID Control System Des 70/ 70



	Simple Model-based PI and PID controller designs
	Generalized Model-based PID controller designs
	Resonant Controller Design

