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Position and orientation

right-handed orthogonal RFg rigid body

Reference Frames

e position: Ap,g (vector €IR3),

expressed in RF, (use of coordinates
other than Cartesian is possible, e.g.
Yg cylindrical or spherical)

¢ Orientation:

R orthonormal 3x3 matrix
(RT = R1= ARgBR, =1), with det = +1

X ARB — [AXB AyB AZB]

Xa Ya Za (Xg Yg Zg) are unit vectors (with unitary norm) of frame RF, (RFg)

components in ARy are the direction cosines of the axes of RFg with respect
to (w.r.t.) RF,
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Rotation matrix

B - direction cosine of
T T T
Xa' Xg Xp' Y8 Xa' Zp Z5 W.LE. X,
AR — T T T
Re= [Ya' Xg VYa'Ys VYa Zg
orthonormal, T T T
Zr' X Z Zr' Z
withdet=+1 L™ "B “A Y& Za ‘B _

algebraic structure

chain rule property of a group SO(3)
(neutral element = 1I;

kR : 'R _ kR‘I\ inverse element = R)
orientation of RF %

orientation of RFj

|
w.r.t. RF, w.r.t. RF,
orlentatlon of RF

w.r.t. RF,

NOTE: in general, the product of rotation matrices does not commute! |
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Change of coordinates

= R 'P |

the rotation matrix R, (i.e., the orientation of RF,
w.r.t. RF,) represents also the change of
coordinates of a vector from RF; to RF,
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Ex: Orientation of frames in a plane % /r{—

(elementary rotation around z-axis)

X=0B-xB=ucos6-vsinH
y=0C+ Cy=usin6+ vcoso
Z=W

or...

OXc Oy 0z

v v v

'cos® -sin® 0 || u U
=|sin® cosO O V |=R(0)| vV
0 0 1 W W

R,(-6) = R,'(6)

similarly: -— —

1 0 0 | ' cosO 0 sing |
R (0) = 0O cosO -sinB R/(0) = 0 1 0
0

sin® cos 6 -sin® 0 coso
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Ex: Rotation of a vector around z

X = |v| cos a

= |v]| sin a
X" = |v| cos (o + 6) = |v| (cos a cos 6 - sin a sin 0)
= XCosO-ysino
» V' = |v| sin (o +6) = |v| (sin a. cos 6 + cos o sin 6)
= XSin6+Yycoso
Z'= 2z

or...

x| |cos6 -sine 0 || x| X ...as
y'| =1 sin® cos® 0|y |= R(0) Y before!
Z’ O 0 1 Z
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Equivalent interpretations
of a rotation matrix

the same rotation matrix, e.g., R,(6), may represent:

\'
. RF.
D ;
S
RF, ]
the orientation of a rigid the change of coordinates the vector
body with respect to a from RF. to RF, rotation operator
reference frame RF, ex: 0P = R,(6) P ex:v' =R/ (0) v
ex: [9%. Y. %z.] = R,(6)

the rotation matrix %R is an operator

superposing frame RF, to frame RF.
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Composition of rotations

brings RF, on RF, IR, brings RF, on RF, 2R, brings RF, on RF,

OR]_ \/
—p

Pz =0 P
\ —
P =0 RF,
RF
RF, ’

a comment on computational complexity

RF,

63 products
42 summations

Op = OR, (R, (2R,3p)) |<_ 27 products
18 summations

/1
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Axis/angle representation

- ZO

RF, is the result of rotating

RF, by an angle 6 around
the unit vector r
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DATA

« unit vector r (|[r|| = 1)

* 0 (positive if counterclockwise, as
seen from an “observer” oriented like r

with head placed on the arrow)

DIRECT PROBLEM
find
R(O,r) = [%; %, 9z;]
such that
OP=R(O,r)P O = R(8,r)%




120 R(6,r) = CR(6) CT |
R \C sequence of three rotations
C1= CT\\\ I r -
- T C=|n s r
T\ e 1
> after the first rotation
Yo the z-axis coincides with r
|
sequence of 3 rotations that n and s are orthogonal
Xo bring frame RF, to superpose unit vectors such that
with frame RF, NnxS=rt or

ns, - s,n, = r,
NS, - SN =T,

_ nxsy - any = I‘Z
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Axis/angle: Direct problem

solution
— T
R(6,) = CR,(6) CT |
B N _CG -s0 0_ B nTt ; hint: use
— T - outer product of two vectors
R(e’ r) =|nsr s6 co 0 S - dyadic form of a matrix
0O 01 T - matrix product as product of dyads

=rrT+ (nnT+ssT)cO+ (sn"-nsT) sO

taking into account that
CCT=nnT+ss"+rrT=1I, andthat

0 -r r
£ skew-symmetric(r):

T-nsT = | % r | = «—

S ns g 0 h =50 rxv=S(r)v=-SV)r

%
7, 0

!

depends only o o —
Onrande!!l R(6,r) = T + (I-rrT) cd+ S(r) s6 |= R™(-6,r) = R(-6,1) |
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Final expression of R(6,r)

developing computations...

R(6,r) =

i r.2(1- cos6)+cos6 r,r,(1- cos6)-r,sind rr,(1- cos 6)+r,sind .
r,r,(1- cos0)+r,sing r,%(1- cos6)+cos6 r,r,(1- cos 0)-r,sin6
rr,(1- cos6)-r,sin6 r,r,(1- cos 6)-+r,sind r,2(1- cos0)+coso
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Axis/angle: a simple example

R(O,r) =rr" + (I - rrT)_ O + S(r) s6

0
r= 101 =z
_1_
0 0 0] [1 0 O] 0 -1
ROr=|0 0 O{+(0 1 Ofco+|1 O
0 0 1f [0 O O] 0 O
co -s6 0
=[s68 c6 O0|=R, )
0 0 1
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Axis/angle: proof of Rodriguez formula Qi
v = R(e’r) V

V'=vcos 0 + (rxv)sin 6 + (1 - cos 0)(r'v) r |

proof:

R(O,r)v=_(_rr"+ (I-rr") cos 6+ S(r) sin 0)v

=rrv(l-cos0)+vcosO+ (rxv)sino

g.e.d.
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Properties of R(6,r)

1. R(6,r)r = r (ris the invariant axis in this rotation)

2. when r is one of the coordinate axes, R boils down to one
of the known elementary rotation matrices

3. (6,r) — R is not an injective map: R(6,r) = R(-6,-r)

4. det R = +1 = IT A (eigenvalues) identities in
brown hold

5.tr(R) =tr(rr") + tr(I-rrMco=1+2cO =2 A\,

for any matrix!

l.=>A =1
4. &5. =2 +N3=2C0 = AM-2c00+1=0
= hy3=C0%VC0-1=cO+isO=e*"
all eigenvalues A have unitary module (<= R orthonormal)
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Axis/angle: Inverse problem

GIVEN a rotation matrix R,
FIND a unit vector r and an angle 6 such that

R=rrT+ (I-rrT) cos 6 + S(r) sin 6 = R(6,r)

Note first that tr(R) = Ry; + R,, + R33 =1 + 2 cos 6; so, one could solve

Riy + Ry + Ry3- 1

0 = arcos
2 D
but:

e provides only values in [0,xt] (thus, never negative angles 6 ...)
e loss of numerical accuracy for 6 — 0
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Axis/angle: Inverse problem

solution
from B - B B
0 Rp-Ry RyzRyy 0 -r, r
R - RT = &'f‘@LI/\ 0 R23'R32 - 2 Sln 6 &'{-@%& 0 -I‘X
o 6}%; 0 _ L J/%; 0 _

it follows

: 1 2 2 2
||r|| =1 = sing = i?\/ (Riz - Ry1)* + (Ryz3 - R3p)? + (Ry3 - Ryp)* (*)

(**)
0 = ATAN2 {i\/ (Ryz - Ry1)* + (Riz - R3y)? + (Ry3 - R3p)% Ryy + Ry + Rz - 1}

?

see next slide ' Ry, - Ry; can be used only if
X
1 :
r=1r, = Rs-Ry | €= sin6+0
e Ry - Ryp | (test made in advance

on the expression (*) of sin 6
in terms of the R;'s)
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ATAN2 function

= arctangent with output values “in the four quadrants”
= two input arguments
= takes values in [-x ,+x ]
= undefined only for (0,0)
= uses the sign of both arguments to define the output quadrant
= based on arctan function with output values in [-rnt /2,+n /2]
= available in main languages (C++, Matlab, ...)

(arct.an(i—") x>0
m + arctan(¥) y=>0,z<0
. —7 + arctan(Z y <0,z <0
atan2(y,z) = ¢ _ () d
| 3 Yy > O,.T = ()
=) y<0,2=0
| undefined y=0,2=0

Robotics 1 18



Singular cases
(use when sin 6 = 0)

= if 6 = 0 from (**), there is no given solution for r
(rotation axis is undefined)

s if 6 = £x from (**), then set sin 6 = 0, cos 6 = -1

= R=2rrT-1
resolving
. B - multiple signs
" EV(Ryy + 1)/2 rery = Rpp/2 ambiguities
r=|r| =|xV(Ry + 1)/2 | with|rr, = R;3/2 |+ (always two
r = R,./2 solutions,
| #V(Rs + 1)/2 23 of opposite
sign)
-1 0 0
exercise: determine the two solutions (r, 0) forR =| 0 5 v
0 -L
2 2
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Unit quaternion

= to eliminate undetermined and singular cases arising in
the axis/angle representation, one can use the unit
quaternion representation

Q= {n, e} = {cos(6/2), sin(6/2) r}
a scalar 3-dim vector
= 1?2+ |g|? =1 (thus, “unit ...”)
= (0, r) and (-6, -r) gives the same quaternion Q
= the absence of rotation is associated to ¢= {1, 0}

= Unit quaternions can be composed with special rules (in
a similar way as in a product of rotation matrices)

Q1*Q, = MMy - &1'ey, M€y + MyE; + EyxE,}
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