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• PID Control
• Joint-Space Dynamic Control

C o n t r o l
• Natural Systems 

• Task-Oriented Control
• Force Control

Performance
High Gains better disturbance rejection

Gains are limited by
structural flexibilities
time delays (actuator-sensing)
sampling rate
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Nonlinear Dynamic Decoupling
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Task Oriented Control

Joint Space Control

Joint Space Control

F

( )GoalV xF  

( )GoalV x

TJ F 

Operational Space Control
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Unified Motion & Force Control

motion contactF F F 
contactF

motionF
F

ˆˆ ˆ[ , , , ( )]x x x GoalM V G V xF F

x

xM x Fx xV G 

Operational Space Dynamics

Task-Oriented Equations of Motion

Non-Redundant Manipulator ; n m

 1 2

T

mx x x x 

 1 2  T

nq q q q

{0}
{ 1}n 

10n

Equations of Motion
d L L

F
dt x x

       

with
( , ) ( , ) ( )L x x K x x U x  
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( ) ( , ) ( )x x xM x x V x x G x F   

Operational Space Dynamics

End-Effector Centrifugal and 
Coriolis forces

( , ) :xV x x

( ) :xG x End-Effector Gravity forces
:F End-Effector Generalized forces

( ) :xM x End-Effector Kinetic Energy Matrix

:x End-Effector Position and
Orientation

Joint Space/Task Space 
Relationships

( , )xK x x 
1

( )
1

( )
22

TT
xx M x x q M q q  

( , )qK q q
Kinetic Energy

( )x J q q Using 

( )
1 1

2 2
T TT

x MJ M Jq q q q   
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where ( , ) ( )h q q J q q 

1( ) () ( )( )x
T M qM qq Jx J  

( , ) ( )) ( )( ,( ) ,T
x xV qV x x M qqJ q h q q   

( )( () )T
xG J q G qx 

Joint Space/Task Space 
Relationships Example
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End-Effector Control

( )T FJ q 
F

   1

2

T

goal p g gV k x x x x  

System
( ) ( )d K K

dt x

V V
F

x

         

Passive Systems (Stability)

 
0

goalKd K

dt x x

V        Stable

Conservative Forces

 ˆgoalF V V
X


   



Asymptotic Stability

is asymptotically stable if

0 ; 0T
s x fF or x  

0s v vF k kx  

  ˆ
p goal xx GF k x   

Control

a system

x

 
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V       
 goal
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V
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       

vk x 
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Example2-d.o.f arm:
Non-Dynamic Control

  ˆ ( )p g vk x x k GF x x    
1q1l

2q
2l

( ) ( , ) ( )x x xM x x V x x Fx G   

Closed loop behavior

   111
*

1( ) v p g xm q x k x k x Vx m y    

   122
*

2( ) v p g xm q y k y k y Vy m x    

   * 2 *
1 2 1 112 p gx vk x x k xm c m x m y V       

   * 2 *
1 2 1 212 p gx vk y y k ym c m y m x V       
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Nonlinear Dynamic Decoupling

with T FJ 

( ) ( ˆˆ ˆ' , ) ( )x xx xF M F V x xG  
Control Structure

'I Fx 
Decoupled System

Model
( ) ( , ) ( )x x xM x x V x x Fx G   

Perfect Estimates
'I Fx 

input of decoupled end-effector'F

Goal Position Control

 ' ' '
v p gF k x k x x   

Closed Loop
' ' ( ) 0v p gI x k x k x x    

Trajectory Tracking
Trajectory: , , d d dx x x

' '' ( ) ( )d v d p dF I x k x x k x x      

' '( ) ( ) ( ) 0d v d p dx x k x x k x x        

with

or

x dx x  

' ' 0x v x p xk k     

In joint space

' ' 0q v q p qk k     

with  q dq q

Task-Oriented Control
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Kin qa f

J qa f

 ( ,  )  ( )V q q G qx x 

kv

kp

xd

xd

xd

q

q

x

x
 F

e


+
- e


+



7

Compliance I x F 
0 0

0 0 ( )
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p d v
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 

     
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set to zero

' '

' '

'

( ) 0

( ) 0

0

v px d

v py d

v

x k x k x x

y k y k y y

z k z

   

   
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 
Compliance along Z

Stiffness
( ) 0

zv p dz k z k z z     

ˆ
x p pM k k 

determines stiffness along z

Closed-Loop Stiffness:

( )x dF K x x 

 J F J K x J K J KT T
x

T
x  ( )

K J K JT
x  ( ) ( )

m
f

Force Control
1-d.o.f. mx f  

fd
set f fd 
Problem

f Nmd  1

output~0

friction

Break away

Coulomb friction
10(N.m)

Force Sensing

m
fdf

s
fs

s ; f k xs s 
mx k x fs

fs

At static Equilibrium
f fd f fs d

Dynamics

f fd Dynamicmx k xs

Dynamics
mx k x fs   

m
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s s
   
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m

k
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p s d v sf f

      ( ( )  )

Closed Loop
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Task Description Task Specification

motion forceF F F 

1 0 0

0 1 0 ;

0 0 0

I

 
      
 
 

Selection matrix

Unified Motion & Force Control

Two decoupled 
Subsystems

*
motionF 
*
forceF  


