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Configuration Parameters

A set of position parameters that describes
the full configuration of the system.

9 parametersflink
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Generalized coordinates
A set of independent configuration parameters

Degrees of Freedom
Number of generalized coordinates

Generalized Coordinates
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AT
A :

Generalized Coordinates

OQ
3 positions
6 parameters 3 orientations

n moving links: 6n parameters

Generalized Coordinates

O—OQO 3 positions
1) N )~ 6 parameters \_3 orientations
/{g 5 constraints

n moving links: 6n parameters
n 1 d.o.f. joints: 5n constraints
Id.o.f. (system): 6n-5n=n I

End-Efector Configuration
Parameters

{O} n+l

(Xs Xyy X5y ey X))
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Operational Coordinates

n+l -

Aset X, Xp,.ooh Xy
of Mmyindependent configuration parameters
m, :




Joint Coordinates —— Joint Space

Operational Coordinates —s Operational Space

Position of a Point

With respect to a fixed
origin O, the position

of a point P is described
by the vector OP or

p simply by p.

Redundancy

Rigid Body Configuration

Coordinate Frames

Rigid Body Configuration

Position: AP

A _ _ ANONA
Orientation: {*X5,"Y,"Zz}

describes rotations of {B} with respect to {A}

) Rotation Matrix




Rotation Matrix
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R N ZF| W |[RNC2L] =R

R= IR

IR = SR= (R

Ap-1 _ ApT
BR _BR

Orthonormal Matrix

Example ~ 1A

Description of a Frame
with respect to another reference frame

Frame {B}:A X B ,AYAB ,AZB !APBorg
{B}={4R Py}

Mapping
changing descriptions from frame to frame

Rotations
{B} oY If Pis given in {B}: P
X,P) X
AP=[BY, PP =B P
52,%p | |°ZT
4
"P=/R °P




Translations | P

(Two different vectors)

Po= Pt Peore

General Transform B}

Ap

/

AP = GR°P + *Pgore

Homogeneous Transform (B} »

AP =5R°P + Pgorg

PR Ry |
1(]/1000 1 |1
AP - ABT B
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Movie Segment

Learning Locomotion
with LittleDog
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Operators

Mapping: changing descriptions from frame to frame
Operators: moving points (within the same frame)

{A},

{B}

Rotational Operators
Rk(0): P, — P,

P, = Rg(6) Py
Example
1 0 0
Ry (0)=|0 cos@ -sind
L sing cos&]

1 0 o0 70] [o
P,=R (O)R=|0 08 -06(2|=|1
006 081 |2

Mapping AP = 'gR BP
R: P,— P,
Rotational Operator
P,= R P,
: B P
Translations 7

Mapping: Pgors: Pogs——Poa  (same point)
2 diff. vectors
Poa = Pos + Pgors

Translations

Mapping: Pgorg: Pos—Poa  (same point)
2 diff. vectors
Poa = Pog * Paors
Translational Operator:

Translations

Mapping: Pgorg: Pog——Poa  (same point)
2 diff. vectors
Poa = Pos * Pgore
Translational Operator:
Q: P,— P, (2 points, 2 diff vectors)

P, = P1+Q

Translations

Translational Operator:
Q: P;— P, (2 points, 2 diff vectors)
P, = P +Q




Translation Operator

Operator: *P, = #P, +*Q

Homogeneous Transform:

—> P, = "Dy*P,
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Homogeneous Transform

Pl R R
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AP — ABT B
(4x1) (4x4)

....................

(4x1)

General Operators

Inverse Transform

R*=R'

ART

ATf].:BT: B
. {o 00

Homogeneous Transform Interpretations

B
Description of a frame (A} )

éT: {B}:{QR APBorg} Peor

Transform mapping
AT: Bp = AP

Transform operator
T: P, = P,

Transform Equation




Transform Equation

AT {B}

Compound Transformations )

A}

S B
A g
°p = ET°P
AP = BT PP

AP = ATETCOP = T = 8T d

T =4/T
é«-l-: BARCBR AR I:)Corg
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Transform Equation

o = \cT
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BT ETETRT=1
—> RT=E&TEMRT

T T ET T T =1
WT=0T.eT.2T AT
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End-Effector Configuration

ST : position + orientation

End-Effector Configuration Parameters

X b position
X =
X R orientation

Position Representations

z

| — Cartesian: (X, Y, )
Cylindrical: (p, 0, z)
Spherical:  (r, 0, ¢)

Rotation Representations

Rotation Matrix
fy Ny I

R= fy T Ty :[rl r, r3]
M T Ty

Direction Cosines

rl
X =\,
rs (9x1)
Constraints
n|=r,|=[r|=1

nr,=nrnr,=r,r,=0

Three Angle Representations

Three Angle Representations

{A}
®1\ [
) Euler Angles
%Ix(eldz é:lgles (12 sets)
A} /\, XA D
BN .
\\ YB"

Euler Angles (Z-Y-X)
z,
B} z, A

o

AR=/R.ER.ER

SR=R, (2)-R, (/)R ()]




X-Y-Z Fixed Angles

Ri(r): V= Ry (y).v
R, (B): (Ry(7)-v) > Ry (B).(Ry (¥).v)
Rz (@) (Ry (B)-Ry (7).v) > R, (@)-(R, (B)-Ry (¥)-v)

[8R=¢R, (7.8.2) = R, ()R, (A)-Ry ()]

Z-Y-Z Euler Angles

QR =R, (a).Ry.(#).-R,.(7)

X X ca.sp
sR=tRyy (@, By) = X X sa.sp

-sp.cy spsy cp

Z-Y-X Euler Angles

QR =R, (a).R,.(B)-Ry.(¥)

ca —sa 0Of|cg 0 sp||1l O 0

se ca 0} 0 1 00 cy -sy

0 0 1f|-sp 0 cp||0 sy cy
ca.cf X X 1

BARZQRZ’Y’X’(alﬂl}/): sa.cf X X
-sf cp.sy cpcy

Example
z
Yo {{A}
{B}
Z5 Ya
Xex
Rovx (@, B.y): a=0

£=0
y =90°

Fixed & Euler Angles

X-Y-Z Fixed Angles

Ry (7, 8,a) = R, (). Ry (B)-Ry (7)

Z-Y-X_Euler Angles

Rovw (@, B,7) = R (a).R, (B).Ry (¥)

’szx'(a’ﬂaV)z Ryvz (7, B, )

Inverse Problem
Given R find (a,f,7)

T R,
o fp I Ca.cp ca.sp.sy—sa.Cy ca.sP.Cy+sa.sy
QR =|I, Iy Iy|=|sach saspsy+cacy sa.spcy-ca.sy

-sp cp.sy cp.cy

r3 1 r32 r33

— _ 2 2
coséf CP=l — B=Atan2(-r, |12 +12)
sinff=sf=-ry,

ifcB =0 (p=+90° ) Singularity of the representation

—y> Only (o +7v)or (o —y) is defined
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Singularities - Example (R , )
cf=0,sp=+1
0 —s(a-y) cla-y)

aR=|0 cla-y) s(a-y)
-1 0 0

cpf=0,s=-1
0 -s(a+y) —cla+y)
AR=10 cla+y) -s(a+y)
1 0 0

Equivalent angle-axis representation,Ry (6)

{A}
0.k
{B} K X, =60.K=|0k,
0
6.k,
K.k vo+co Kk .k vO—k 50 K Kk.vO+k S0
R (0) =k K, vO+k 50 K.k vO+cO K KO-k, 5O
[ Kok, Ok, 50 K kvO+k.s0  kkvO+co |
. rll rlZ r13
withvg =1-
¢ ce Re(O)=[ry Ty Ty
r3] r32 r33
N+l +h—1
6= Arcos(-*—2-—3_7)
1 Eraz - rza’
A . . .
K=——|n,-r, | singularity for sind =0
2.sing| ® 9 y
_r21 N r12_

Euler Parameters

£, :Wx.sinﬁ
2 w
.0
&, :WV'SInE 0
.0
£, :Wz.smg
£, = cosg
‘ 2

Normality Condition
’W‘:l, grelvelvel=1

£ : point on a unit hypershpere
in four-dimensional space

Inverse Problem Given ;R find ¢

2 2

W M N 1-26, -2e5 218, —638,) 26165+ 6564)
_ 2 2

Gn T T |=|266, +656,) 1-26) =26, 2e6,-6,8,)

2 2

fy Ty Ty 2(5153_3254) 2(‘9253""91‘94) 1_251 _2'92

My + 0y + 1y =3-4(s2 + &2 +&3)

2
(1754)
1
&, = §1ll+ M+, + 1y
r, —r. r,—r r, -
51 — 32 23 , 52 — 13 31 , 53 — 21 12
de 4e 4g
4 4 4
¢, =07

Lemma  For all rotations one of the
Euler Parameters is greater than
or equal to 1/2

(3 et =1)
N
Algorithm Solve with respect to m ax {e,}
. &= miax{ei}
{.‘1:% ru*rzzfrmﬁ»l

(o), _(arn) | (h-r)
4e, ’ 4e, ! 4e,

&, =

. &= miax{g,}

1
&1 :E My =Ty — Ty +1

. g = miax{gi}
1
£, :E,/—rqur22 —ry+1
o &y =max{e}
i
o1
&, :51/—r11 —Iy +0+1

. 5= mlax{sl}

1
£, = 51/1+ M+, + 1y
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Euler Parameters / Euler Angles

& ~sinZeos =7
2 2

&, _sinZsin 27
2

&g :cosﬁsinaﬂ/
2 2

£, _ cosB cos ¥
2 2

Quiz

Zy

Ye

60°

XB
A

Euler Parameters

Ya

Direction Cosines

0 || n
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