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Movie Segment
The Flying Machine Lab, ETH 
Zurich, 2011. 

• Linear & Angular Motion
• Velocity Propagation

J a c o b i a n
• Differential Motion

• Explicit Form
• Static Forces

Example


1

{0}

1

P1

P2

P3

l1

l2

l3


2


3

v v Pi i i i     1 1 

•

•

•

v

v v P

v v P

P

P P

P P

1

2 1

3 2

0

1 2

2 3

 

   

   

 
 

0
1 1

0
1  . Z

0
1

1

1 1

1 1

1 1

1 1 12
0

0 0

0 0

0 0 0 0 0

v

l c

l s

l s

l cP   
 L

N
MMM

O

Q
PPP

L

N
MMM

O

Q
PPP

 
 L

N
MMM

O

Q
PPP


 .

.

.

.

. . 
 

  

0 0 0
2

0
33 2

v v PP P    

0
1 1

1 1 1 1 2
0

33

0

0 1 0

1 0 0

0 0 0

v

l s

l c PP  
 L

N
MMM

O

Q
PPP

 
 L

N
MMM

O

Q
PPP

 
.

. .  .(   ).   

 
 L

N
MMM

O

Q
PPP

 
 L

N
MMM

O

Q
PPP

 
l s

l c

l s

l c
1 1

1 1 1

2 12

2 12 1 2

0 0

.

. . 
.

. .(   )   

0
3 1 2 3

0
0       (    ). Z

l c

l s
2 12

2 12

0

.

.

L

N
MMM

O

Q
PPP

0
1 1 2 12 2 12

1 1 2 12 2 12

1

2

3

3

0

0

0 0 0

v

l s l s l s

l c l c l cP  
   

 
L

N
MMM

O

Q
PPP

L

N
MMM

O

Q
PPP

( )

.





 
 
 

0
3

1

2

3

0 0 0

0 0 0

1 1 1

 
 
 
 

 
L

N
MMM

O

Q
PPP

L

N
MMM

O

Q
PPP

.





v
J

 

 
 
 

F
HG
I
KJ  
F

H
GGG

I

K
JJJ

.





1

2

3

vJ

J 



2

Spatial Mechanisms
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Propagation of velocities

Stanford Scheinman Arm
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The Jacobian
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Matrix      (direct differentiation)vJ

Jacobian in a Frame
Vector Representation
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Kinematic Singularity
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Singular Configurations
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Jacobian at the End-Effector
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Resolved Motion Rate Control (Whitney 72)
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