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Inverse Kinematics
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Existence of Solutions
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Dextrous Workspace Multiplicity of Solutions

Selection of a solution
l1

l2
A

B
B1

B2

Criterion: Joint distance

C

C

B A

B A

1 1)

2 2

 

 

 

 

( ( )

( ) ( )

Weighted Joint distance
moving smaller joints

Number of Solutions
It depends on
• Number of Joints

• Range of Motion

General Mechanism with 6 d.o.f.

Number of solutions < 16

• Link Parameters
e.g. 6-revolute-joint manipulator

if all Number solutions < 16
if a1 = a3 = a5 = 0 Number solutions < 4

ai  0

Main Results

General 6R open-chain 16 solutions
General 5RP open-chain 16 solutions
General 4R2P open-chain 8 solutions
General 3R3P open-chain 2 solutions

Special conditions in the structure [such 
as intersecting or parallel axes] cause 
the general number of solutions to reduce.
There exist open-chain manipulators with
16, 14, 12, 10, 8, 6, 4, 2 solutions.

For a given set of 6 lengths of the legs
General in-parallel structure has 

40 configurations
By specializing structure the number of 
configurations can be reduced

PUMA 560
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Stanford Scheinman Arm Stanford Scheinman Arm

Stanford Scheinman Arm Solvability

A manipulator is solvable if ALL the
sets of solutions can be determined.

6 d.o.f. open-chain mechanisms are
“now” solvable.
(the general solution is a numerical one)

Closed Form Solutions

Analytical Solutions - Exist for a large
class of mechanisms.

Sufficient Condition

3 intersecting neighboring axes
(most industrial robots)

Closed Form Solutions
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Solutions: • Algebraic
• Geometric
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Geometric Solutions
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Pieper’s Solution
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Transcendental Equations
Reduction to Polynomial
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